We study brane configurations corresponding to D-branes on complex threedimensional orbifolds C 3 /Γ with Γ = ∆(3n 2 ) and ∆(6n 2 ), nonabelian finite subgroups of SU(3). The brane configurations consist of D3-branes and webs of (p, q) 5-branes of type IIB string theory. The structure of irreducible representations of the groups ∆(3n 2 ) and ∆(6n 2 ) can be explained from the brane configurations. We also discuss relations between the brane configurations and geometries of the orbifolds C 3 /Γ by means of toric methods.
Introduction
D-branes at orbifold singularities have been intensively studied for recent years (see for example [1] - [17] ). One of the purposes is to investigate geometries of spacetime. D-branes serve as tools to study ultrashort structure of spacetime. So it is interesting to study geometries by using D-branes as probes and compare them with geometries probed by point particles or fundamental strings. Orbifolds provide nontrivial but relatively simple examples for such a purpose.
Another motivation to study D-branes on orbifolds is to construct large families of gauge theories. Various choice of orbifolds leads to gauge theories with various supersymmetries in various dimensions. It is well-known that gauge theories can be constructed by using brane configurations following the work of [18] . Investigations from different approaches and comparison between them are useful to clarify various aspects of gauge theories. Investigations along this line have been made in [19, 20, 12] for example.
To study D-brane gauge theories on orbifolds C d /Γ, quiver diagrams play important roles. Quiver diagrams represent gauge groups and matter contents of the gauge theories. They can be calculated with the aid of representation theory of the finite group Γ, so they also represent algebraic structure of the irreducible representations of Γ. In addition, quiver diagrams seem to include information on geometries of orbifolds C d /Γ. This is based on what is called McKay correspondence [21] - [24] . It states that there is a relation between irreducible representations of a finite group Γ and (co)homology elements of a space obtained by blowing up the singularity of C d /Γ. McKay correspondence is established for the cases d = 2 with Γ ∈ SU(2) and d = 3 with Γ an abelian finite subgroup of SU (3) . But it is conjectured that it holds for large class of models. If the correspondence holds, the associated quiver diagram can be considered as a diagram representing some information on cohomology of a space obtained by blowing up the singularity of C d /Γ. D-branes on orbifolds C d /Γ were investigated for the case d = 2 with Γ a finite subgroup of SU(2) at first [1, 2] . Finite subgroups of SU(2) are classified into ADE series, and the quiver diagrams coincide with the extended Dynkin diagrams of the corresponding ADE Lie algebra. As noted above, McKay correspondence holds for these cases and the Dynkin diagrams represent geometric information such as intersections among cycles used to blow up the singularity of C 2 /Γ. For D-branes on orbifolds C 3 /Γ with Γ a finite abelian subgroup of SU(3), D-brane gauge theories were investigated with the aid of toric methods [3] . McKay correspondence also holds for these cases. Relations between quiver diagrams and toric diagrams representing the geometry of the orbifold were discussed in [23] .
In this paper, we study D-branes on three-dimensional nonabelian orbifolds C 3 /Γ with Γ ∈ SU(3). For these cases, the gauge theories have 1/8 supersymmetry compared with type II string theory. It is known that finite subgroups of SU(3) are classified into ADElike series [25] . That is, finite subgroups of SU(3) other than SU(2) and direct products of abelian phase groups fall into 2 series:
• The analogue of dihedral subgroups of SU(2) (D-type); ∆(3n 2 ) (n is a positive integer) ∆(6n 2 ) (n is a positive even integer)
• The analogue of exceptional subgroups of SU(2) (E-type); Σ(60), Σ(168), Σ(360x), Σ(36x), Σ(72x), Σ(216x) (x = 1, 3)
Here the number in braces is the order of the group. The quiver diagrams for ∆ series and Σ series were calculated in [16] and [14] respectively. In [16] , it was also found that the quiver diagrams of the ∆ series have a similar structure to a web of (p, q) branes of type IIB string theory [26, 27] . So it is natural to expect that the D-brane gauge theories can be realized by brane configurations involving such a web of (p, q) branes. The purpose of the present paper is to construct brane configurations corresponding to D-branes on C 3 /∆. The key point of the construction is the observation that the quiver diagarm of ∆(3n 2 ) (∆(6n 2 )) is obtained from that of Z n × Z n by making a certain identification. For the orbifold C 3 /Z n × Z n , a brane realization is known as a brane box model [28, 12] . An important point of the brane box model is that each box of the configuration corresponds to each irreducible representation of Z n × Z n . Combining with the relation between the quiver diagram of the group ∆ and that of Z n × Z n , we construct a brane configuration for C 3 /∆. It consists of D3-branes and a web of (p, q) 5-branes of type IIB string theory with a certain identification determined by the structure of quiver diagrams.
In [29] , relations between brane configurations and toric varieties were pointed out. We discuss brane configurations and geometries of the nonabelian orbifolds C 3 /∆ from this viewpoint. Although the nonabelian orbifolds C 3 /∆ are not toric varieties [15] , we discuss a possibility to analyze geometries of the nonabelian orbifolds in terms of toric methods based on the brane configurations.
The organization of this paper is as follows. In Section 2, we review a prescription to obtain worldvolume gauge theory of D-branes on an orbifold C 3 /Γ. We also present quiver diagrams for Γ = ∆(3n 2 ) and ∆(6n 2 ) calculated in [16] . In Section 3, we first review the brane box model which is a realization of D-branes on an orbifold C 3 /Z n × Z n . Then we construct brane configurations for nonabelian orbifolds by taking into account the relation between ∆(3n 2 ), ∆(6n 2 ) and Z n × Z n . We argue that the structure of irreducible representations of ∆(3n 2 ) and ∆(6n 2 ) can be understood from the brane configurations. In Section 4, we discuss relations between brane configurations and toric diagrams. Based on the brane configuration for C 3 /∆, we propose quotients of toric diagrams to analyze nonabelian orbifolds in terms of toric methods. Section 5 is devoted to conclusions.
Quiver diagrams for D-branes on nonabelian orbifolds
In this section, we review the results of [16] , in which the quiver diagrams for D-branes on orbifolds C 3 /Γ with Γ = ∆(3n 2 ) and ∆(6n 2 ) were obtained. We start with N parallel D1-branes on C 3 where N = |Γ| is the order of Γ. We will discuss the reason to take D1-branes in Sections 3 and 4. The effective action of the D-branes is given by the dimensional reduction of ten-dimensional U(N) super Yang-Mills theory to two-dimensions. The bosonic field contents are a U(N) gauge field A and four complex adjoint scalars X µ (µ = 1, 2, 3) and Y . Fermionic field contents are determined via unbroken supersymmetry, so we do not touch upon them. We take Γ to act on complex three-dimensional space corresponding to X µ . Since Y is irrelevant in the following discussions, we set Y = 0. Next we project this theory onto Γ invariant space. The condition is expressed as
where g ∈ Γ, R 3 is a three-dimensional representation of Γ which acts on spacetime indices µ and R reg is the N × N regular representation of Γ which acts on Chan-Paton indices. R 3 defines how Γ acts on C 3 to form the quotient singularity. The condition (2.1) implies that gauge fields surviving the projection are Γ-invariant parts of R reg ⊗ R * reg . Since the regular representation R reg has the following decomposition
where R a denotes an irreducible representation of Γ and r is the number of irreducible representations of Γ, we obtain the following expression,
Here we used Schur's lemma. The equation means that the gauge symmetry of the resulting theory is
If we consider n D-branes on the orbifold, the gauge group becomes One can see the matter contents after the projection (2.2) in a similar way. They are Γ-invariant parts of R 3 ⊗R reg ⊗R * reg . By defining the tensor product of the three-dimensional representation R 3 and an irreducible representation R a as
one obtains the following expression,
It means that n ab is the number of bifundamental fields which transform as
The gauge group and the spectrum are summarized in a quiver diagram. A quiver diagram consists of r nodes corresponding to irreducible representations and arrows which connect these nodes corresponding to bifundamental matters. Outgoing arrows represent fundamentals and ingoing arrows represent anti-fundamentals. n ab is the number of arrows from the a-th node to the b-th node.
∆(3n

) case
The group ∆(3n 2 ) consists of the following elements
(2.9) where ω n = e 2πi/n and 0 ≤ i, j < n. The n 2 elements {A i,j } correspond to a threedimensional reducible representation of the abelian group Z n × Z n . The elements of the group ∆(3n 2 ) are obtained by multiplying the the following matrices to the elements {A i,j }. The matrices (2.10) are the elements of the group Z 3 , so the group ∆(3n 2 ) is isomorphic to the semidirect product of Z n × Z n and Z 3 . We first consider the cases with n / ∈ 3Z. The irreducible representations of ∆(3n 2 ) consists of one-dimensional representations and three-dimensional representations. There are 3 one-dimensional representations which we denote as R α 1 (α = 0, 1, 2). The threedimensional representations are labeled by two integers (l 1 , l 2 ) ∈ Z n × Z n with (l 1 , l 2 ) = (0, 0). Furthermore there are equivalence relations among the representations R
(2.11)
Thus the three-dimensional representations are labeled by the lattice points (Z n × Z n − (0, 0))/Z 3 where the action of Z 3 is defined by the relation (2.11). By counting the number of the lattice points in (Z n × Z n − (0, 0))/Z 3 one can see that there are (n 2 − 1)/3 threedimensional irreducible representations. Thus the gauge group of the D-brane worldvolume theory on
. Now we take the three-dimensional representation acting on the spacetime indices as R
and the irreducible representations are given by a compact form,
(2.13)
is not an irreducible representation, the expression (2.13) is so simple that we tentatively forget the structure (2.12) and treat it as if it is an irreducible representation.
As stated above, quiver diagrams consist of nodes associated with irreducible representations and arrows associated with matter contents. In the present case, the irreducible representations are labeled by two integers modulo n, so we put the nodes on the lattice points Z n × Z n . The equation (2.13) indicates that there are three arrows which start from (l 1 , l 2 ). The end points are (l 1 +m 1 , l 2 +m 2 ), (l 1 −m 2 , l 2 +m 1 −m 2 ) and (l 1 −m 1 +m 2 , l 2 −m 1 ). The quiver diagram is obtained by putting such arrows to each node in Z n × Z n and identifying the nodes according to the equivalence relations (2.11). The quiver diagram is shown in Figure 1 . Only one set of three arrows is depicted for simplicity although such a set of arrows start from every node. Due to the Z 3 identification, the fundamental region is restricted to the parallelogram surrounded by dashed lines in Figure 1 . Note that the node at the origin lies at a fixed point of the Z 3 action. This fact is related to the structure of R (0,0) 3 in (2.12) as we will discuss in Section 3. For the cases with n ∈ 3Z, there are 9 one-dimensional representations which we denote as R α 1 (α = 0, 1, . . . , 8) and three-dimensional representations labeled by (l 1 , l 2 ) ∈ Z n × Z n with (l 1 , l 2 ) = (0, 0), (n/3, 2n/3), (2n/3, n/3). As in the n / ∈ 3Z cases, there are equivalence relations (2.11). By counting the number of the lattice points in (Z n × Z n − (0, 0))/Z 3 , one can see that there are (n 2 /3 − 1) three-dimensional irreducible representations when n/3 is an integer. So the gauge group of the D-brane theory is U(1) and the irreducible representations are given as follows,
The quiver diagram is shown in Figure 2 . It is essentially the same as in the n / ∈ 3Z cases except that the nodes (n/3, 2n/3) and (2n/3, n/3) lie at fixed points of the Z 3 action.
∆(6n
) case
We now turn to the group ∆(6n 2 ). The group ∆(6n 2 ) with n a positive integer consists of {A i,j , C i,j , E i,j } in (2.9) and the following matrices.
(2.18) As pointed out in [25] , even if one choose n to be an odd integer, the matrices generate elements of ∆ (6(2n) 2 ) by multiplication. So we restrict the value of n to even integers. The elements of the group ∆(6n 2 ) are obtained by multiplying the matrices (2.10) and
to the elements {A i,j } in (2.9). Note that the six matrices (2.10) and (2.19) are the elements of the permutation group S 3 of order six. Thus the group ∆(6n 2 ) is isomorphic to the semidirect product of Z n × Z n and S 3 .
When n/3 is not an integer, the irreducible representations consist of 2 one-dimensional representations, 1 two-dimensional representation, 2(n − 1) three-dimensional representations and (n 2 − 3n + 2)/6 six-dimensional representations. Thus the gauge group is U(1) 2 ×U(2)×U(3) 2(n−1) ×U(6) (n 2 −3n+2)/6 . We denote the one-dimensional representations as R t 1 (t ∈ Z 2 ), the two-dimensional representation as R 2 and the three-dimensional representations as R (l,l)t 3
, where l = 1, 2, . . . , n − 1 and t takes values in Z 2 . The six-dimensional representations are labeled by (l 1 , l 2 ) ∈ Z n × Z n with (l 1 , l 2 ) = (n, n), (n, 0), (0, n). As in the ∆(3n 2 ) cases, there are equivalence relations among the representations R
, (2.20)
Hence the six-dimensional representations are labeled by the lattice points (Z n × Z n − (0, 0))/S 3 . Here S 3 is the semidirect product of groups Z 3 and Z 2 whose action are defined by the relations (2.20) and (2.21) respectively. (n 2 − 3n + 2)/6 is the number of the lattice points in (Z n × Z n − (0, 0))/S 3 when n/3 is not an integer.
By defining
and the irreducible representations are given by,
The quiver diagram is depicted in Figure 3 . Due to the additional Z 2 identification of (2.21), the fundamental region is restricted to, say, the lower triangle surrounded by dashed lines in Figure 3 . We note that the nodes at (l, l) correspond to fixed points of the Z 2 action defined by (2.21) . In addition, the node at the origin corresponds to a fixed point of the Z 3 action defined by (2.20) . When n/3 is an integer, the irreducible representations consist of 2 one-dimensional representations, 4 two-dimensional representations, 2(n − 1) three-dimensional representations and (n 2 − 3n)/6 six-dimensional representations. So the gauge group is U(1)
. We denote the two-dimensional representations as R α 2 (α = 0, . . . , 3) and use the same notations as the n / ∈ 3Z case for other representations. As in the n / ∈ 3Z case, there are equivalence relations (2.20) and (2.21), so the six-dimensional representations are labeled by the lattice points (Z n × Z n − (0, 0))/S 3 . (n 2 − 3n)/6 is the number of the lattice points in (Z n × Z n − (0, 0))/S 3 when n/3 is an integer.
By defining 
The quiver diagram is depicted in Figure 4 . It is essentially the same as in the n / ∈ 3Z cases except that the node (2n/3, n/3) lies at a fixed point of the Z 3 action.
Brane configurations for nonabelian orbifolds
In the last section, we have presented the quiver diagrams for D-branes on orbifolds C 3 /Γ with Γ = ∆(3n 2 ) and ∆(6n 2 ). Unexpectedly the quiver diagrams have a resemblance to the structure of string junctions [26] or webs of (p, q) 5-branes [27] . Three (p, q) strings of type IIB theory are permitted to form a prong if the (p, q) charge is conserved,
In order to have a quarter supersymmetry, (p, q) strings is constrained to have a slope p+τ q on a plane where τ = i gs
, g s is the coupling constant and χ is the axion of type IIB string theory. Similar conditions must be satisfied to form a prong of (p, q) 5-branes. The arrows in the quiver diagrams representing matter contents have the same structure. It is likely that the gauge theory represented by the quiver diagram have something to do with string junctions or a web of (p, q) 5-branes. In this section, we consider realizations of the gauge theories of D-branes on the nonabelian orbifolds by using such brane configurations.
To investigate the brane configurations for nonabelian orbifolds C 3 /∆, we first review the brane box model, which is a brane configuration corresponding to D-branes on an abelian orbifold C 3 /Z n × Z n [28, 12] . As noted in the last section, the finite groups ∆(3n 2 ) and ∆(6n 2 ) are closely related to Z n × Z n . We study the brane configurations for C 3 /∆ based on the brane box model by using relations between the groups ∆ and Z n × Z n .
Irreducible representations of the finite group Z n ×Z n consist of n 2 one-dimensional representations R (l 1 ,l 2 ) 1 with (l 1 , l 2 ) ∈ Z n ×Z n . We choose the three-dimensional representation which defines the geometry of the orbifold to be
then the decomposition of the product
The quiver diagram is given in Figure 5 . The point we would like to emphasize is that the quiver diagram for the orbifold C 3 /∆(3n 2 ) (C 3 /∆(6n 2 )) is essentially that for the orbifold C 3 /Z n × Z n with the Z 3 equivalence relation (2.11) (the S 3 equivalence relation (2.20) and (2.21)).
The brane box is a model that provides the same gauge theory as the D-brane worldvolume theory on C 3 /Z n × Z n . It consists of the following set of branes; NS5-branes along 012345 directions, NS'5-branes along 012367 directions and D5-branes along 012346 directions. The brane box configuration is shown in Figure 6 . It represents the brane configuration on the 46-plane. NS and NS' 5-branes are indicated by horizontal and vertical lines respectively. D5-branes lie on each box bounded by NS and NS' 5-branes. In the brane box model, the first NS5(NS'5)-brane and the (n+1)-th NS5(NS'5)-branes must be identified. The interest focuses on the gauge theory on the world-volume of the D5-branes. Being finite in 46 directions, the D5-branes are macroscopically (3+1)-dimensional. Each box provides a gauge group U(N a ) where N a denotes the number of D-branes on the a-th box. Open strings connecting D-branes on neighboring boxes provide matters. In the absence of NS5 and NS'5-branes, two possible orientations are allowed for the strings. The orientation of NS5 and NS'5-branes induces a particular orientation for the strings. One possible choice of orientations of strings is shown in Figure 6 Figure 5 . We make a list of correspondence among representation theory, gauge theory, quiver diagram and brane box model in Table  1 .
node a arrows from a to b brane box model box with N a D-branes oriented open strings The most important point of Table 1 is that each box corresponds to each irreducible representation of Z n × Z n . As we saw, the irreducible representations of the nonabelian group ∆(3n 2 ) are the irreducible representations of Z n ×Z n with the Z 3 identification (2.11). Thus a naive guess leads to the idea that the brane configuration for the orbifold C 3 /∆(3n 2 ) is the brane box configuration with the Z 3 identification. Since Z 3 is not a symmetry of the brane box configuration of Figure 6 , however, we can not divide the brane box configuration by Z 3 . Instead, we construct a brane configuration which has the Z 3 symmetry maintaining the correspondence of Table 1 . Global structure is determined by the requirement that it provides appropriate gauge groups and matter contents given in Table 1 . The requirement of the Z 3 symmetry leads to a condition on the local structure. Naively it leads to a prong which consists of three branes with directions (m 1 , m 2 ), (−m 2 , m 1 − m 2 ) and (m 2 − m 1 , −m 1 ) on a plane. However, the Z 3 equivalence relation (2.11) is defined on the lattice of irreducible representations. It means that the Z 3 action on the brane configuration is defined in reference to the "lattice of boxes". Thus it is necessary to take directions of alignment of boxes into account. There are infinitely many possibilities which satisfy these criteria. Two examples are depicted in Figure 7 Table 1 for Γ = ∆(3n 2 ), we must identify the first row and the n-th row and the first column and the n-th column and furthermore by making the Z 3 identification defined by (2.11) . Thus the fundamental region becomes the small parallelogram bounded by dashed lines in Figure 7 .
Since D3-branes are bounded by (p, q) 5-branes in 56-directions, their effective action is two-dimensional. This is why we started with D1-branes on orbifolds. As in the brane box model, each box gives a gauge group U(N a ) where N a is the number of D-branes on a-th box. Matters come from open strings which connect D-branes on neighboring boxes. The presence of (p, q) 5-branes induces a particular orientation for the strings. Relative orientations of strings are restricted by the requirement of the invariance under the Z 3 action. There are two possibilities; one is shown in Figure 7 . The arrows indicate the orientations of strings stretching from one box. Again only one set of three open strings is drawn although such a set of strings stretch from every box. These open strings reproduce the matter contents determined by the quiver diagram in Figure 1 for the case R . Another set of orientations is obtained by reversing the orientations of all arrows, which is essentially equivalent to the case shown in Figure 7 . Although we discussed orientations of open strings by the requirement of the Z 3 invariance, it is necessary to find out a reason that only such orientations are allowed based on string theory.
To support our proposal for the brane configurations, we argue that the structure of irreducible representations of the group ∆(3n 2 ) can be understood from the brane configurations. First, we argue that all the lattice points of Z n × Z n correspond to representations with the same dimensions. If the neighboring boxes have different number of D-branes, the (p, q) 5-brane between the two boxes bends along the directions transverse to the 56-plane. Then (p, q) 5-branes have extra intersections to each other. Although we do not find out a reason to exclude such configurations, the effective theory of D-branes will be quite different from that considered in this paper and they will be out of our scope. To avoid such configurations, all boxes must have the same number of D-branes. This means that all boxes give the same rank of gauge groups, so all the lattice points correspond to representations with the same dimensions.
Secondly, we argue that the dimensions of the representations are three. As one can see from the equivalence relations (2.11), the origin corresponds to a fixed point of the Z 3 action. So one must take the Z 3 quotient for the box at the origin. The action of Z 3 on the 56-plane is defined by the relations (2.11). As noted earlier, we must also determine the action of Z 3 on Chan-Paton indices. The group Z 3 originates from the relation ∆(3n 2 )/Z n × Z n ∼ Z 3 . As noted in the last section, the elements ∆(3n 2 ) are obtained by acting Z 3 to the elements of Z n × Z n . It implies that the Z 3 acts on ChanPaton indices as a regular representation. Then the number of D-branes must be three since the dimension of the regular representation of Z 3 is three. Combining with the discussion on bending of (p, q) 5-branes, it leads to the consequence that all boxes have three D-branes. Therefore all lattice points correspond to representations with dimension three.
Thirdly, we discuss that only the origin corresponds to a sum of 3 one-dimensional representations. By the same argument given in Section 2, one can see that the orbifold projection on the box at the origin reduces the gauge group from U(3) to U (1) 3 This fact can be explained from string theory point of view. Since Z 3 acts on the Chan-Paton indices as a regular representation, the orbifolding procedure makes the three D-branes at the origin to one spiral D-brane surrounding the fixed point of Z 3 as shown in Figure 8 . (1) 3 . Therefore the three-dimensional representation at the origin is reduced to 3 one-dimensional representations.
To sum up, all the lattice points of Z n × Z n except the origin correspond to threedimensional irreducible representations and the origin corresponds to a sum of 3 onedimensional representations. This is the structure of the irreducible representations of the group ∆(3n 2 ) with n / ∈ 3Z. As for the case ∆(3n 2 ) with n ∈ 3Z, there are three lattice points (0, 0), (n/3, 2n/3) and (2n/3, n/3) invariant under Z 3 . By the same argument as the n / ∈ 3Z cases, these three points correspond to sums of 3 one-dimensional representations in accordance with the definitions (2.14) -(2.16). Thus the structure of the irreducible representations of ∆(3n 2 ) is explained from the brane configurations. The brane configuration for the orbifold
. In these cases, the origin is a fixed point of the Z 3 action defined by (2.20) and the Z 2 action defined by (2.21). So we must take both quotients Z 3 and Z 2 for the box at the origin. Since the group generated by these actions are the permutation group S 3 of order six, we must put six D-branes to every box by the same argument as the C 3 /∆(3n 2 ) cases. From representation theory of finite groups, one can directly see that the irreducible representations of S 3 , which is a nonabelian group of order six, consist of 2 one-dimensional representations and 1 two-dimensional representation. Thus the gauge group coming from the box at the origin is reduced from U(6) to U(1) 2 × U(2). As the lattice point (l, l) with l = 0 is a fixed point of Z 2 , the gauge group U(6) is reduced to U (3) 2 . For the n ∈ 3Z cases, there is an additional Z 3 fixed point (2n/3, n/3). The gauge group corresponding to this point is reduced from U(6) to U (2) 3 . Thus the structure of irreducible representations of the group ∆(6n 2 ) can be obtained from the brane configurations.
Brane configurations and toric diagrams
In this section, we discuss relations between the brane configurations and geometries of the nonabelian orbifolds C 3 /∆ by using toric methods. We consider orbifolds without D-branes for a whole and incorporate D-branes later. Relations between toric diagrams and brane configurations were discussed in [29] . The basic idea is as follows. of the toric variety, we obtain type IIB string theory on a circle with (p, q) 5-branes; the skeleton of the dual diagram is identified with a web of (p, q) 5-branes. Now we would like to discuss brane configurations for the nonabelian orbifolds C 3 /∆ based on this argument. Since the orbifolds C 3 /∆ are not toric varieties, however, we can not directly apply the above argument. So we first consider a brane configuration for C 3 /Z n × Z n , which is a toric variety. Then combining with the discussion in Section 3 on relations between the brane configurations for C 3 /Z n × Z n and those for C 3 /∆, we discuss geometries of the orbifolds C 3 /∆. The toric diagram of a crepant resolution of the orbifold C 3 /Z n × Z n is depicted in Figure 9 . Its dual diagram depicted in Figure 10 represents a web of (p, q) 5-branes in the sense described above. However, the models discussed in Section 3 are elliptic models; they are compactified along 56 directions to T 2 . To compactify the two directions to T 2 , we must impose periodicity conditions along these directions. It is realized by duplicating the configuration of Figure 10 and making appropriate identifications as depicted in Figure  11 . It seems to imply that only one orbifold singularity of C 3 /Z n × Z n can not lie on such Figure 11 : The brane configuration for elliptic C 3 /Z n × Z n . Parallel dashed lines must be identified. a compact space. It is necessary to justify the duplication from toric geometry point of view. By applying the discussion that the brane configuration for C 3 /∆(3n 2 ) is that for C 3 /Z n × Z n with Z 3 identification, we obtain the configuration of Figure 7 (b) proposed in Section 3 as a brane configuration for C 3 /∆(3n 2 ). Now we discuss the geometry of C 3 /∆(3n 2 ) based on the brane configuration of Figure  7 (b). If we naively apply the relation between brane configurations and toric diagrams, we are led to a speculation that the "toric diagram" for C 3 /∆(3n 2 ) is given by taking the Z 3 quotient to the toric diagram for C 3 /Z n × Z n as depicted in Figure 12 . As one Figure 12 : The Z 3 quotient of the toric diagram for
can see from the fact that the orbifold C 3 /Γ is not a toric variety, the quotient of the toric diagram is not a toric diagram. However, we need a new formulation to analyze non-toric varieties in any case 1 . In this respect, it is likely that quotients of toric diagrams provide us a tool to analyze non-toric varieties such as the nonabelian orbifolds in terms of toric methods. It would be interesting to seek for a possibility to formulate quotients of toric diagrams. We should also notice that the Z 3 action determined from representation theory coincides with the Z 3 symmetry that the toric diagram of C 3 /Z n × Z n originally has although there is no a priori reason. It is in favor of the above discussion and the McKay correspondence conjecture which states that there is a relation between irreducible representations of ∆(3n 2 ) and cohomology elements of a space obtained by resolving the singularity of C 3 /∆(3n 2 ). Now we comment on the difference between the brane configuration of Figure 7 (a) and that of Figure 7 (b). They are only different in (p, q) charges of 5-branes. From the toric geometry point of view, however, there is an essential difference [27] . The toric diagram corresponding to the configuration of Figure 7 (a) before Z 3 identification is depicted in Figure 13 (a). In the figure, there is a lattice point in each triangle in contrast to Figure  9 . It means that the orbifold singularity is not fully resolved. To resolve fully the orbifold singularity, we must subdivide the toric diagram as shown in Figure 13 (b). Then each junction of (p, q) 5-branes is replaced by Figure 13(c) . This kind of configuration is considered in [31] in the context of brane box models. So far we have considered M-theory on orbifolds. Now we would like to make a rough argument to relate them to type IIB string theory discussed in the previous sections. We start with type IIB string theory with a web of (p, q) 5-branes along 01234 directions and one direction of the 56 plane and D3-branes along 0156 directions. We first T-dualize along direction 9 and decompactify along direction 10. Then we obtain M-theory on an orbifold C 3 /∆(3n 2 ) with M5-branes along 01569(10) directions. Here C 3 /∆(3n 2 ) extends to 56789(10) directions. To obtain type IIB string theory on orbifolds, we take a limit that the direction 1 shrinks. Then we obtain type IIA string theory on C 3 /∆(3n 2 ) with D4-branes along 0569(10). Next we take T-dualities along 256 directions. Then we obtain type IIB string theory on C 3 /∆(3n 2 ) with D3-branes. Here C 3 /∆(3n 2 ) extends to 56789(10) directions, while D3-branes extend to 029(10) directions. Therefore the right interpretation of the D1-branes discussed in Section 2 seems to be D3-branes wrapped around two directions of the orbifold. Wrapped D-branes on some cycles of orbifolds stick to the singularity in general [32, 33] . However, a set of wrapped D-branes may be allowed to move away from the singularity due to some homology relations of C 3 /∆(3n 2 ) [12] . To know the properties of wrapped D-branes, it is necessary to know geometries of C 3 /∆(3n 2 ). We leave investigations on such branes for future work.
We have considered the configurations for C 3 /∆(3n 2 ) with n / ∈ 3Z. The other cases can be treated almost in the same way, so we do not describe these cases except for one comment. The "toric diagram" for C 3 /∆(6n 2 ) is obtained by taking Z 2 quotient to that of C 3 /Z n × Z n in addition to the Z 3 quotient. The Z 2 is not a symmetry of the toric diagram of C 3 /Z n × Z n itself in Figure 9 but a symmetry of the diagram corresponding to the elliptic model obtained by duplicating the toric diagram of Figure 9 .
Conclusions
In this paper, we have studied brane configurations corresponding to D-branes on nonabelian orbifolds C 3 /Γ with Γ = ∆(3n 2 ) and ∆(6n 2 ). The essential observation is that the quiver diagram of ∆(3n 2 ) (∆(6n 2 )) is equivalent to that of Z n × Z n with an additional Z 3 (S 3 ) identification. By using the brane box model, which is a realization of D-branes on C 3 /Z n × Z n , as a guideline, we have proposed brane configurations for C 3 /∆. The configuration for C 3 /∆(3n 2 ) (C 3 /∆(6n 2 )) is obtained from a web of (p, q) 5-branes with D3-branes by making a Z 3 (S 3 ) identification. We have shown that the structure of the irreducible representations of ∆(3n 2 ) and ∆(6n 2 ) can be explained via the brane configurations. We have also discuss the brane configurations from toric geometry point of view. Based on the argument which relates branes and toric geometry, we have proposed quotients of toric diagrams to study geometries of nonabelian orbifolds. It is known that a toric variety can be realized as a vacuum moduli space of a two-dimensional gauged linear sigma model [34] . In this formulation, quotients seem to be realized by imposing nontrivial relations among charges of chiral superfields of the model. It would be interesting to study a possibility to formulate quotients of toric diagrams from this viewpoint. If such an attempt works well, moduli space of D-brane gauge theory may be investigated by using toric techniques. We also hope that the idea to take quotients of toric diagrams will provide insight into McKay correspondence for nonabelian finite subgroups of SU(3).
It is also interesting to generalize the work to other cases. For the E-type subgroups of SU(3), a catalogue of quiver diagrams is given in [14] . It is so complicated that construction of brane configurations seems to be difficult. However, unbroken supersymmetry may provide us a guide to the construction. For Γ ⊂ SU(4), classification of finite subgroups were summarized in [35] . Since there is no supersymmetry in these cases, quiver diagrams representing bosonic matter contents and those representing fermionic matter contents are different. It would be interesting to find a mechanism to provide such asymmetric matter contents from brane configurations.
